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1. Introduction and preliminaries
Let X and Y be two Banach spaces. Let L(X, Y), C(X, Y) and B(X, Y) denote the linear space of all
linear operators, the homogeneous set of all closed linear operators with a dense domain and the
Banach space of all bounded linear operators from X into Y , respectively. The identity operator will be
denoted by I. For any T ∈ L(X, Y), we denote by D(T), N(T) and R(T) the domain, the null space and
respectively, the range of T .
For any T ∈ B(X, Y), we recall that an operator T+ ∈ B(Y, X) is said to be a generalized inverse of T
if TT+T = T and T+TT+ = T+. The operator T possesses a generalized inverses T+ if and only if N(T)
and R(T) have the topological complements in X and Y , respectively. In this case, we have
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X = N(T) ⊕ R(T+) and Y = N(T+) ⊕ R(T),
and that I − T+T is the projector from X onto N(T) along R(T+) and TT+ is the projector from Y onto
R(T) along N(T+).
Perturbation analysis of generalized inverses of linear operators has wide applications and plays
an important role in many fields such as computation, control theory, optimization, frame theory and
nonlinear analysis [1,4,10,11,14–16,19]. Unfortunately, even the generalized inverses of matrices may
not be stable. A necessary and sufficient condition for the generalized inverse T
+
0 of a matrix T0 to be
stable is that the rank of T is constant for any T near T0. The perturbation of generalized inverses in
Hilbert spaces or Banach spaces has been studied in [2,3,5–8,12–15,17,18]. For instance, in Ref. [15],
Nashed and Chen showed that the generalized inverse T+ is stable in the class of the perturbations
satisfying the following hypothesis:
[I + (T − T)T+]−1T maps N(T) into R(T).
Note that the above hypothesis is actually equivalent to the stability of the generalized inverse.
Recently, Ma improved the results of Nashed and Chen as follows:
Theorem 1.1 [10]. Let T ∈ B(X, Y) with a bounded generalized inverse T+ ∈ B(Y, X) and T ∈ B(X, Y)
with ‖T+‖‖T − T‖ < 1. Then the following statements are equivalent:
(1) B = T+[IY + (T − T)T+]−1 is a generalized inverse of T;
(2) R(T) ∩ N(T+) = {0};
(3) (IX − T+T)N(T) = N(T);
(4) X = N(T) ⊕ R(T+) or X = N(T) + R(T+);
(5) Y = R(T) ⊕ N(T+) or Y = R(T) + N(T+);
(6) [I + (T − T)T+]−1TN(T) ⊆ R(T);
(7) [I + (T − T)T+]−1R(T) ⊆ R(T);
(8) R(T) is closed and T|R(T+) : R(T+) → R(T) is an isomorphism.
As we all know, for unbounded operators with domain not identical with the whole domain space,
thesituation isquitedifferentandweencountervariousdifficulties.Amongunboundedoperators there
are certain ones, called closed operator, which are important for applications [9]. Let T ∈ C(X, Y)with
a closed range R(T). Throughout this paper, we assume that X is the topological direct sum of N(T)
and R+, Y is the topological direct sum of R(T) and N+, i.e.,
X = N(T) ⊕ R+ and Y = R(T) ⊕ N+.
Let P be the projector of X onto N(T) along R+ and Q the projector of Y onto R(T) along N+. An
operator T+ ∈ B(Y, X) is called an oblique projection generalized inverse of T with respect to P,Q , if (1)
TT+T = T on D(T); (2) T+TT+ = T+ on Y ; (3) T+T = I − P on D(T) and (4) TT+ = Q on Y . It is well
known that if T ∈ B(X, Y), then T+ ∈ B(Y, X) exists [15]. The next lemma concerns the existence of
the oblique projection generalized inverse for a closed linear operator in Banach spaces.
Lemma 1.1 [14]. (a) Let T ∈ C(X, Y). Suppose that N(T) has a topological complement N(T)c in X and
R(T) has a topological complement R(T)
c
in Y, i.e.,
X = N(T) ⊕ N(T)c and Y = R(T) ⊕ R(T)c.
Let P denote the projector of X onto N(T) along N(T)c and Q denote the projector of Y onto R(T) along
R(T)
c
. Then there is a unique operator S ∈ L(Y, X) satisfying: (1) TST = T on D(T); (2) STS = S on D(S);
(3) ST = I − P on D(T) and (4) TS = Q on D(S), where D(S) = R(T) + R(T)c .
(b) Under the assumptions of part (a), S is bounded if and only if R(T) is closed in Y; in this case, S is
an oblique projection generalized inverse of T with N(S) = R(T)c and R(S) = D(T) ∩ N(T)c .
Let T ∈ C(X, Y) have an oblique projection generalized inverse T+ ∈ B(Y, X). In this paper, we
shall investigate the general perturbed problem: what condition on the “small” perturbation δT can
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guarantee that the oblique projection generalized inverse T
+
of the perturbed operator T = T + δT
exists? If it exists, canwegive an explicit expressionof T
+
or anupper boundof thenormof T
+
in terms
of that of T+? These problems for the closed linear operator in the case that the perturbation does
not change the null space and the norm of δTT+ is smaller than 1 has been studied in [17]. It should
be noted that if the norm of δTT+ smaller than 1 is assumed, then the invertibility of the operator
I+ δTT+ and the boundedness of the inverse operator (I+ δTT+)−1 can be deduced directly from the
Banach Lemma. In this paper, we do not assume that the norm of δTT+ is smaller than 1. Therefore, the
key to consider such perturbed problem is how to prove that the operator I+δTT+ is invertible and its
inverse operator (I+δTT+)−1 is bounded. In Section 2, using a newmethod, we prove the invertibility
of the operator I + δTT+ under a weaker condition that the T-bound b is less than 1. Utilizing this
result, we give a new and equivalent condition which ensures the stability of the oblique projection
generalized inverse and improves some well known results in the case of the closed linear operator
under bounded perturbation or the case that the perturbation does not change the null space. We also
provide an explicit expression of T
+
which is given in [17].
2. Main results
When we consider various perturbed problem related to closed linear operator, it is necessary
to make precise what is meant by a “small” perturbation. One rather general definition useful in
applications is based on the notion of a relatively bounded perturbation, i.e., T-boundedness.
Definition 2.1 [9]. Let T and P be linear operators with the same domain space such thatD(T) ⊂ D(P)
and
‖Pu‖  a‖u‖ + b‖Tu‖, ∀u ∈ D(T),
where a, b are nonnegative constants. Then we say P is relatively bounded with respect to T or simply
T-bounded. The greatest low bound of all possible constants b will be called the relative bound of P
with respect to T or simply the T-bound of P.
The following theorem concerns the stability of closed operator, we list it.
Lemma 2.1 [9]. Let T, P ∈ L(X, Y) be such that P is T-bounded with the T-bound less than 1. Then
S = T + P is closable if and only if T is closable; in this case, the closures of T and S have the same domain.
In particular S is closed if and only if T is.
The next lemma plays a crucial role in our main theorem.
Lemma 2.2. Let X and Y be two Banach spaces. Let T ∈ C(X, Y) with an oblique projection generalized
inverse T+ ∈ B(Y, X). Let δT ∈ L(X, Y) be T-bounded with the T-bound b smaller than 1. Then
T = T + δT is closed. Furthermore, if T satisfies
(i) N(T) ∩ R(T+) = {0} and (ii) R(T) ∩ N(T+) = {0},
then the operator
I + δTT+ : Y → TR(T+) + N+
is bounded and bijective.
Proof. By Lemma 2.1, T = T + δT is closed. Since T+ is an oblique projection generalized inverse of
T , R(T) is closed, D(T+) = Y , N(T+) = N+ and R(T+) = D(T) ∩ R+, where X = N(T) ⊕ R+ and
Y = R(T)⊕N+. Clearly, the domain of I+ δTT+ is the whole space Y and its range is in TR(T+)+N+.
Step 1. We show that I + δTT+ : Y → TR(T+) + N+ is bounded. Since
‖δTT+y‖ a‖T+y‖ + b‖TT+y‖
 (a‖T+‖ + b‖TT+‖)‖y‖, ∀ y ∈ Y,
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we get
‖δTT+‖  a‖T+‖ + b‖TT+‖. (2.1)
Step 2. We show that I+δTT+ : Y → TR(T+)+N+ is injective. If y ∈ Y satisfies (I+δTT+)y = 0,
then (I − TT+)y = −TT+y ∈ R(T) ∩ N(T+) = {0}. So TT+y = 0 and y = TT+y. Hence T+y ∈
R(T+) ∩ N(T) = {0} and so y = TT+y = 0. Consequently, I + δTT+ is injective.
Step 3. We show that I + δTT+ : Y → TR(T+) + N+ is a surjection. For any y ∈ TR(T+) + N+, y
can be denoted by y = TT+y1 + y2, where y1 ∈ R(T) and y2 ∈ N+. Then
[I + (T − T)T+](y1 + y2) = (y1 + y2) + (T − T)T+(y1 + y2)
= y1 + y2 + TT+y1 − TT+y1
= y2 + TT+y1 = y,
which implies that I + δTT+ : Y → TR(T+) + N+ is a surjection. Therefore, we can conclude that
I + δTT+ : Y → TR(T+) + N+ is bounded and bijective. This completes the proof. 
It is easy to verify the following equalities:
(I + δTT+)Tx = TT+Tx, ∀ x ∈ D(T),
(I + δTT+)−1TT+Tx = Tx, ∀ x ∈ D(T). (2.2)
Combining Lemma 2.2 with the well-known Inverse Operator Theorem, we can get the following
lemma.
Lemma 2.3. In addition to the assumptions of Lemma 2.2, if
Y = TR(T+) + N+,
then the inverse operator (I + δTT+)−1 ∈ B(Y) and hence the operator
B = T+(I + δTT+)−1 : Y → R(T+)
is linear and bounded.
In the following, we shall prove our main theorem of this paper.
Theorem 2.1. Let X, Y be two Banach spaces and T ∈ C(X, Y) with an oblique projection generalized
inverse T+ ∈ B(Y, X). Let δT ∈ L(X, Y) be T-bounded with the T-bound b smaller than 1.
(1) If the perturbed operator T = T + δT satisfies
(i) N(T) ∩ R(T+) = {0}; (ii) R(T) ∩ N(T+) = {0};
and
(iii) Y = TR(T+) + N+,
then R(T) is closed and the operator
B = T+(I + δTT+)−1 : Y → R(T+)
is an oblique projection generalized inverse of T with N(B) = N(T+), R(B) = R(T+) and
‖B − T+‖  (a‖T+‖ + b‖TT+‖) · ‖T+‖ · ‖(I + δTT+)−1‖.
(2) If the operator B = T+(I+δTT+)−1 is an oblique projection generalized inverse of T, then the following
equalities hold:
(i) N(T) ∩ R(T+) = {0}; (ii) R(T) ∩ N(T+) = {0};
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and
(iii) Y = TR(T+) + N+.
Proof. By Lemma 2.3, B = T+(I + δTT+)−1 is defined on the whole space Y and is a bounded linear
operator. We shall give the proof in several steps.
Step 1. We shall prove R(B) = R(T+) and N(B) = N(T+). Firstly, R(B) = T+R((I + δTT+)−1) =
T+Y = R(T+).Secondly, ify ∈ N(B), thenBy = T+(I+δTT+)−1y = 0andso (I+δTT+)−1y ∈ N(T+).
Thus y = (I + δTT+)(I + δTT+)−1y = (I + δTT+)−1y ∈ N(T+). Hence N(B) ⊂ N(T+). Conversely, if
y ∈ N(T+), then y = (I+ δTT+)y. Thus (I+ δTT+)−1y = ywhich implies By = T+(I+ δTT+)−1y =
T+y = 0, i.e., y ∈ N(B). Hence N(T+) ⊂ N(B) and so N(B) = N(T+).
Step 2.We shall show BTB = B on Y and TBT = T on D(T). On one hand, it follows from (2.2) that
for all y ∈ Y , we get
BTBy = T+[I + (T − T)T+]−1TT+[I + (T − T)T+]−1y
= T+[I + (T − T)T+]−1TT+TT+[I + (T − T)T+]−1y
= T+TT+[I + (T − T)T+]−1y
= T+[I + (T − T)T+]−1y = By,
i.e., BTB = B on Y . On the other hand, for all x ∈ D(T), we have
B(Tx − TBTx) = BTx − BTx = 0.
So Tx − TBTx ∈ N(B) ∩ R(T) = N(T+) ∩ R(T) = {0}. Thus TBTx = Tx, i.e., TBT = T on D(T).
Step 3. We shall show that B = T+(I + δTT+)−1 is an oblique projection generalized inverse of
T . On one hand, let Q = TB on Y , then it is easy to verify that D(Q) = Y , Q2 = Q and R(Q) = R(T).
Since
TB = (T + δT)T+(I + δTT+)−1 = (TT+ + δTT+)(I + δTT+)−1,
TT+ and δTT+ are bounded, so is Q = TB. Hence R(T) is closed. Therefore, we have shown that Q is a
projector of Y onto R(T). On the other hand, define
P = I − BT on D(T) = D(T),
then D(P) = D(T) and P2 = P. Next, we shall show P is bounded. It is sufficient to show that BT is
bounded. In fact, by T(I − T+T) = (T + δT)(I − T+T) = δT(I − T+T) and
‖[δT(I − T+T)]u‖ a‖(I − T+T)u‖ + b‖T(I − T+T)u‖
 a‖I − T+T‖ · ‖u‖, ∀ u ∈ D(T),
it is easy to see that
BT = T+[I + (T − T)T+]−1T
= T+[I + (T − T)T+]−1TT+T + T+[I + (T − T)T+]−1T(I − T+T)
= T+T + T+[I + (T − T)T+]−1T(I − T+T)
is bounded. Thus P is bounded on D(P). Since D(P) is dense in X , we may extend P from D(P) to
X such that P ∈ B(X) and P2 = P. Next, we shall prove R(P) = N(T). Indeed, if x ∈ N(T), then
Px = (I − BT)x = x which implies x ∈ R(P). Conversely, if y ∈ R(P), then there exists x ∈ X such
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that y = Px. Since D(T) = X , there is a sequence {xn} ⊂ D(T) satisfying xn → x. Then, since P
is continuous, we have Pxn → Px. Noting TPxn = T(I − BT)xn = Txn − TBTxn = 0, we obtain
Pxn ∈ N(T). Thus Px ∈ N(T) = N(T), i.e., y ∈ N(T). Therefore P is a projector of X onto N(T).
As a result, the operator B = T+(I + δTT+)−1 : Y → R(T+) is an oblique projection generalized
inverse of T with N(B) = N(T+), R(B) = R(T+) and by the equalities (2.1) and (2.2), we obtain
‖B − T+‖ = ‖T+(I + δTT+)−1 − T+‖
 ‖T+‖ · ‖(I + δTT+)−1 − I‖
 ‖T+‖ · ‖(I + δTT+)−1‖ · ‖δTT+‖
 (a‖T+‖ + b‖TT+‖) · ‖T+‖ · ‖(I + δTT+)−1‖.
Step 4. If B = T+(I + δTT+)−1 is an oblique projection generalized inverse of T , then for all z ∈ Y ,
z = TBz + (I − TB)z ∈ TR(B) + N(B) = TR(T+) + N+. This implies Y = TR(T+) + N+. Let
y ∈ R(T) ∩ N(T+), then T+y = 0. Hence y = (I + δTT+)y which implies (I + δTT+)−1y = y.
Thus By = T+(I + δTT+)−1y = T+y = 0. Since y ∈ R(T), we obtain y = TBy = 0. Consequently,
R(T)∩N(T+) = {0}. It follows from R(B) = R(T+) and N(T)∩ R(B) = {0} that N(T)∩ R(T+) = {0}.
Therefore, we have shown
(i) N(T) ∩ R(T+) = {0}; (ii) R(T) ∩ N(T+) = {0};
and
(iii) Y = TR(T+) + N+.
This completes the proof. 
Remark 2.1. It should be noted that only the condition b < 1 is assumed in Theorem 2.1. If the usual
condition a‖T+‖ + b‖Q‖ < 1 (for example, see [9,17]) is assumed, by the Banach Lemma, we can
easily conclude that the operator I + δTT+ is invertible and its inverse (I + δTT+)−1 is bounded.
From Theorem 2.1, we can get the following corollary which is Theorem 4 in [17].
Corollary 2.1 [17]. Let T ∈ C(X, Y) with an oblique projection generalized inverse T+ ∈ B(Y, X). Let
δT ∈ L(X, Y) be T−bounded with the nonnegative constants a, b. If
a‖T+‖ + b‖Q‖ < 1, and N(T) ⊂ N(δT),
where Q is the projector of Y onto R(T) along N+, then T = T+δT is closed, R(T) is closed and the operator
B = T+(I + δTT+)−1 is an oblique projection generalized inverse of T.
Proof. It follows from ‖Q‖  1 and a‖T+‖ + b‖Q‖ < 1 that b < 1. Then by Lemma 2.1, T = T + δT
is closed and ‖δTT+‖  a‖T+‖+ b‖Q‖ < 1. Hence, by the Banach Lemma, I+ δTT+ is invertible and
(I + δTT+)−1 ∈ B(Y). Using the condition N(T) ⊂ N(δT), we can prove N(T) = N(T) (for details,
see Lemma 3 in [17]). To complete the proof, we need to show that all three equalities in Theorem
2.1 hold. Since ‖δTT+‖ < 1, (I + δTT+)−1 is defined on the whole space Y and so for all z ∈ Y ,
z = (I + δTT+)(I + δTT+)−1z = TT+(I + δTT+)−1z + (I − TT+)(I + δTT+)−1z ∈ TR(T+) + N+.
Thus Y = TR(T+) + N+. Noting N(T) ∩ R(T+) = {0} and N(T) = N(T), we get N(T) ∩ R(T+) = {0}.
Let y ∈ R(T) ∩ N(T+), since X = N(T) ⊕ R+ = N(T) ⊕ R+, there exists an x ∈ D(T) ∩ R(T+) such
that y = Tx, Hence
(I + δTT+)y = y = Tx = TT+Tx = (T + δT)T+Tx = (I + δTT+)Tx.
Since (I + δTT+) is invertible, y = Tx. Therefore, y ∈ R(T) ∩ N(T+) which implies y = 0. This
completes the proof. 
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Remark 2.2. The condition N(T) ⊂ N(δT) ensures that the perturbation does not change the null
space of the operator (i.e., N(T) = N(T)). It should be noted that N(T) = N(T) is just a sufficient (but
not necessary) condition for the generalized inverse to be stable even in the case of bounded linear
operators.
Corollary 2.2. Let T ∈ C(X, Y) with an oblique projection generalized inverse T+ ∈ B(Y, X). Let δT ∈
B(X, Y) satisfy ‖δT‖ · ‖T+‖ < 1 and N(T) ⊂ N(δT). Then T = T + δT is closed, R(T) is closed and the
operator B = T+(I + δTT+)−1 is an oblique projection generalized inverse of T.
Proof. In Corollary 2.1, we take a = ‖δT‖ and b = 0. This completes the proof. 
Remark 2.3. If T ∈ B(X, Y) in Corollary 2.2, we can get some well-known results in [5,19].
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